We discuss the generalization of intensity interferometry from the case of two-particle correlations to three-particle correlations. We address the question whether three-particle Bose-Einstein correlations contain additional information on the shape and dynamics of the source which cannot be extracted from two-particle correlations. For chaotic sources we find that the true three-particle correlation term is sensitive to the momentum dependence of the saddle point of the source and to its asymmetries around that point, but that it will be experimentally very difficult to extract this information quantitively. For partially coherent sources the three-pion correlator allows to measure the degree of coherence without contamination from resonance decays.
their respective relationships. Our treatment differs from previous studies of multi-particle Bose-Einstein correlations in that we consistently express the correlation functions through the source Wigner density, even for partially coherent sources. This enables us to relate the shape of the correlators as functions of the various relative momenta to certain space-time features of the source. To the best of our knowledge the corresponding relations for partially coherent sources (derived in Sec. III) are new.
II. CHAOTIC SOURCES
For a chaotic source, the two-pion correlation function C 2 (p i , p j ) can be expressed as [1] 
Here P 2 (p i , p j ) is the two-pion inclusive cross section, and P 1 (p i ) is the single-particle inclusive spectrum. S(x, p) is the single-particle Wigner density of the source, i.e. the quantum mechanical analogue of its phase-space distribution. The average and relative 4-momenta K ij = (p i + p j )/2 and q ij = p i − p j satisfy the constraint q ij · K ij = 0 which results from the on-shell nature of the observed momenta p i . The two-particle exchange amplitude ρ ij is defined as [14] ρ ij = ρ(q ij ,
From (2) it follows that ρ ij = ρ * ji and thus f ij = f ji and φ ij = −φ ji . Correspondingly, φ ii = 0, ρ ii = f ii , and f ij must be an even function of q ij while φ ij is odd in q ij .
The single-pion spectrum can be written as
and the true two-pion correlation can be defined through
The three-pion correlation function is similarly given by [15] [16] [17] [18] [19] C 3 (p 1 , p 2 , p 3 ) = 1 + R 2 (1, 2) + R 2 (2, 3) + R 2 (3, 1) + 2 Re (ρ 12 ρ 23 ρ 31 ) f 11 f 22 f 33 .
Removing contributions from lower order correlations 1 one finds the true three-pion correlator [19, 20 ]
To the extent that the real parts f ij of the exchange amplitudes ρ ij can be extracted from the two-pion correlator, for chaotic sources the only additional information contained in the 3-pion correlation function resides in the phase
it is a linear combination of the phases of the three exchange amplitudes ρ 12 , ρ 23 , and ρ 31 which enter the true 3-pion correlator R 3 . This phase is odd under interchange of any two particles. It can be isolated by normalizing R 3 with respect to the true 2-pion correlator R 2 :
1 This definition can be extended to higher orders:
. . .
In order to understand which space-time features of the source affect the phase Φ (and thus the normalized true 3-pion correlation function r 3 ) we expand the exchange amplitude ρ ij for small values of q ij = p i − p j [2, 3] . We define the average of an arbitrary space-time function f (x) with the source distribution S(x, K ij ) as
This average is a function of the pair momentum K ij . Using (2) we thus get
Separating real and imaginary parts we find, after a little algebra,
and
is the distance to the "saddle point" of the source, i.e. to the point of maximum emission for pions with momentum K ij . According to Eqs. (11) and (4), the two-pion correlator is sensitive to the second central (i.e. saddle-point corrected) space-time moments of the emission function S(x, K ij ) [2, 3] , with higher order corrections from all even central spacetime moments. The phase Φ, on the other hand, contains information on the odd space-time moments. Expanding S(x, K ij ) around the average momentum K of the pion triplet,
and using q 12 + q 23 + q 31 = 0, we find from Eqs. (7) and (12)
Here the average without subscripts
denotes the space-time average with the emission function evaluated at the mean momentum K of the pion triplet, andx
One easily checks that Eq. (16) has the correct symmetries under particle exchange. It should be noted that, due to the on-shell constraint q ij · K ij = 0, only three of the four components q µ ij are independent. The resulting relation
can be used to eliminate the redundant q-components in Eq. (16), thereby mixing spatial and temporal components of the corresponding coefficients. This is a well-known problem also for the two-pion correlator (see, e.g., [1] ) which prohibits a clean model-independent separation of the spatial and temporal widths of the source.
Eq. (16) features two types of contributions to the phase Φ: The formally leading contribution enters at second order in the relative momenta q ij and is proportional to the rate ∂x µ (K)/∂K ν with which the saddle point of the emission function changes as a function of the pion momentum K. This term will in general be non-zero even for emission functions with a purely Gaussian x-dependence. It gives rise to a leading q 4 -dependence of the normalized true three-particle correlator r 3 = 2 cos Φ. At order q 3 the phase Φ receives additional contributions from the second K-derivatives of the saddle point as well as from the third central space-time moments x µxνxλ of the source. The latter are the leading contributions from a possible asymmetry of the emission function S(x, K) around its saddle pointx(K); they vanish for purely Gaussian emission functions. We see that they enter the normalized three-particle correlator r 3 at order q 5 in a mixture with the K-dependence of the saddle point. This renders their isolation essentially impossible.
In contrast to the widths of the emission function, which affect the two-pion correlator at second order in the relative momentum, the additional structural information which can (in principle) be extracted from the (normalized) three-pion correlator is seen to enter at most at fourth order in q. Their measurement is thus very sensitive to an accurate removal of all leading q 2 -dependences by proper normalization to the two-particle correlators. To achieve this looks like an extremely difficult experimental task. We are therefore somewhat pessimistic about the short-term prospects of extracting additional structural information about the source from three-pion correlations.
If the phase Φ and the information it contains about the source are inaccessible, what else can three-pion correlations be used for experimentally? The answer is that one can test the assumption that the source is chaotic. This has been pointed out previously in Refs.
[ 16, 18] where specific simple parametrizations for the two-and three-particle correlators (as well as for higher order correlations) were assumed and the relationship between the various parameters was studied. We will here derive more general expressions which, in principle, permit such a test without making any simplifying assumptions about the shape of the source.
Before proceeding to the discussion of Bose-Einstein correlations from partially coherent sources, we would like to close this Section with a few short remarks on the effects from resonance decays. It is well known [21, 22] that partial coherence in the source leads to incomplete correlations in the two-particle sector, in the sense that R 2 (q, K) at vanishing relative momentum q = 0 does not approach the ideal value R 2 (0, K) = 2 for chaotic sources. In actual experiments there are, however, other possible reasons for apparently incomplete two-particle correlations. Most importantly, pions from the decay of long-lived resonances contribute to the correlator only at very small values of q and thus (due to limited 2-track resolution) may escape detection in the correlation signal while fully contributing to the single-particle spectrum, thereby reducing the apparent correlation strength even for a completely chaotic source [23] [24] [25] [26] . In a Gaussian parametrization of the exchange amplitude this can be implemented by writing instead of Eq. (11) for q ij = 0
where, up to second order in q, R µν (K ij ) = x µ ijx ν ij ij . The two-particle correlator then becomes
and for vanishing relative momenta q the three-particle correlation function assumes the value
Note, however, that the expression (8) for the normalized true three-pion correlation function remains unchanged. This will no longer be true for partially coherent sources.
III. PARTIALLY COHERENT SOURCES
Expressions for the n-particle inclusive spectra from partially coherent sources have been previously derived, with differing methods, in Refs. [15] [16] [17] [18] [19] . We here give a short derivation using the formalism of Ref. [14] which expresses these spectra in terms of the 1-particle
Wigner density of the source. This allows to clarify the connection between the momentum dependence of the n-particle correlators and the space-time structure of the source which was not previously addressed.
We start from the following coherent state representation of the density matrix for the
Here |J ≡ |J[N; {φ i , x i , p i }] is a coherent state which can be expressed as
It satisfiesâ
whereJ
is the on-shell (p
Fourier transform of the following classical source current:
This classical source current generates a free outgoing pion field:
It has two components, a coherent one, J coh (x), and a chaotic one, J cha (x); the latter consists of N contributions from elementary "sources" with identical intrinsic structure J 0 (x) which are centered around space-time points x i and have been boosted to momenta p i relative to the fixed observe frame, and which are characterized by independent phases φ i . The parameters N, φ i , x i , p i are taken as random numbers; the phases φ i are uniformly distributed between 0 and 2π while N, x i , p i are distributed according to the normalized distributions
ρ(x i , p i ) :
x i , p i are classical parameters with a classical phase-space distribution ρ(x i , p i ), anologous to the mean position and mean momentum of a wavepacket. They are not constrained by the uncertainty relation. J 0 (x) gives the internal structure of the "wave packet". The random phases φ i encode the chaotic nature of the source current J cha (x) and ensure that, on average, pion emission from different sources i = j is independent. The difference to the treatment in Ref. [14] is the addition [22] of a coherent source J coh (x) which has no random phase. The ansatz (28) allows to treat simultaneously fully chaotic, completely coherent and partially coherent sources.
Oberservables from the source are calculated as averages over the corresponding operator with the density operator (23). The single-particle, two-particle and three-particle inclusive cross sections, for instance, are given by
From (28) and (27) we havẽ
Due to the structure of density matrix (23) 
with
) .
Here we have used the fact that J coh is not affected by the average with the density matrix Eq. (23) and that thus
As a result, the Wigner density of the full source is the sum of a coherent and a chaotic contribution; no mixed terms occur because the chaotic and coherent source currents do not interfere. This allows to carry over the intuitive and very successful Wigner function language for fully chaotic sources to the case of partially or completely coherent sources.
Following the same steps as in Ref. [14] , it is now easy to show that
where K ij = (p i + p j )/2, q ij = p i − p j , and, according to Eq. (35), ρ ij can be written as a sum of two terms, a coherent and a chaotic one:
For the single-particle spectrum one thus finds easily
The two-particle spectrum requires a little algebra; in the limit N → ∞ (i.e. neglecting terms of relative order 1/ N [14]) one obtains
from which the two-pion correlation function is calculated as
For the three-particle correlation we finally get 
Similar expressions were derived in Ref. [17] . The two-and three-particle correlations are seen to vanish for completely coherent sources (F ij → 0 ∀i, j). In the opposite limit (f ij → 0 ∀i, j) we recover the results from Sec. II for completely chaotic sources.
The representations (40) and (41) permit us to write down for F ij , f ij and Φ ij , φ ij similar small-q expansions as in Eqs. (11) and (12); the corresponding averages are defined with respect to the chaotic and coherent parts of the Wigner function S(x, K ij ) = S coh (x, K ij ) + S cha (x, K ij ), respectively. In the true two-pion correlation function R 2 (i, j) of Eq. (44), the first term thus contains information on the second central space-time moments of S cha (x, K ij )
while the second term mixes the second moments of S cha (x, K ij ) and S coh (x, K ij ) in a rather nontrival way. Since the number of measurable parameters in R 2 (i, j) is the same as before, this implies a relative loss of information: the second space-time moments of S cha and S coh can neither be separated nor do they simply combine to the second central moments of the total source S = S cha + S coh .
This complication goes hand in hand with a similar one in the three-pion correlator:
Defining the true three-pion correlator as before,
one sees that, in contrast to Eq. (8) for chaotic sources, the phase factors can no longer be isolated by normalizing R 3 with a proper combination of two-particle correlators R 2 .
This means that, in a samll-q expansion, R 3 (1, 2, 3) contains leading terms of second order in q which are independent of those occurring in the two-particle correlator. On the one hand, those terms supplement the incomplete information from R 2 on the second spacetime moments of the source; on the other hand, they render the measurements of source asymmetries impossible.
The full reconstruction of all the (in principle) measurable information obviously requires a measurement of R 2 (i, j) and R 3 (1, 2, 3) as a function of all nine components of p 1 , p 2 , p 3 .
In view of the technical complexity (both experimental and theoretical) of such a program this is not likely to happen soon. It must, however, be mentioned that simple one-or twoparameter Gaussian parametrizations as suggested in Refs. [16, 18, 13] are not sufficient for this purpose because they very strongly prejudice the form of the source.
To pursue this last point a little further, let us define the (momentum-dependent) chaotic fraction of the single particle spectrum
The coherent fraction is accordingly f ii /(f ii + F ii ) = 1 − ǫ(p i ). For vanishing relative momentum q ij = 0 (i, j = 1, 2, 3), we then have
For completely chaotic sources, ǫ(p) = 1, we recover the results of Sec. II. For partially coherent sources, the normalized three pion correlator r 3 at vanishing q is given by
which, in general, deviates from the chaotic limit r 3 (p, p, p) = 2.
It would thus seem to be a simple matter to check the limits of R 2 and R 3 for vanishing relative momenta and construct the ratio (49) in order to see whether or not the source contains a coherent component. In practice, however, the q = 0 limit can not be measured directly, but requires an extrapolation of data at finite q to zero relative momenta. It is well known that such an extroplation can be very sensitive to the assumed functional behavior of the correlator at small q. As we will now show our results provide a basis for a reasonable parametrization of R 2 and R 3 for small q.
To this end we start from Eqs. (44) and (46) together with the small q expansions (11), (12) . Noting that R 2 must vanish for q → ∞, a parametrization which is correct up to second order in q is given by
It follows from Eqs. (11), (12) that here
Eq. (50) neglects an additional factor P 2 (K ij )/P (p i )P (p j ) which is unity for exponentical single particle spectra [3] . Eq. (50) differs from the parametrization suggested in Ref. [18] by the factor cos (q ij · s(K)) exp − The three-pion correlator can similarly parametrized as
This again generalizes the parametrizations given in Refs. [16, 18] ; according to Eqs. (11), (12) , it is correct up to the second order in q if one approximates P
The parametrizations of Ref. [16, 18] are recovered in the limit of a pointlike coherent source, r µν (K) = 0, and assuming s(K) = 0. (The first of these two assumptions is explicity stated in Ref [16] .) One can easily convince oneself that at q 12 = 0, for example, the term cos(q 23 ·s(K)) exp
with a different weight than R 2 (q 23 ). Thus R 3 provides additional information which allows to seperate R µν (K) from r µν (K) and thereby the widths of the chaotic and coherent parts of the source.
IV. CONCLUSIONS
We have studied the question to what extent three-pion Bose-Einstein correlations can provide independent information about the space-time structure of the emitting source which cannot be extracted from two-pion correlations. For chaotic sources we found that the threepion correlator depends on the phase of the two-particle exchange amplitude which drops out from the two-particle cross section. This phase can be isolated by proper normalization of the true three-pion correlator with respect to the two-pion correlator. It was shown to be sensitive to the momentum dependence of the point of highest emissivity in the source and to the asymmetries of the emission function around that point. However, this sensitivity is weak (it enters only at 4th order in the relative momenta q ij ), and the corresponding source properties are hard to measure.
We then proceeded to study sources which are not completely chaotic but contain a coherent component. We showed that in this case the emission function can be written as a sum of two Wigner densities, describing the chaotic and coherent components, respectively.
We presented a new derivation of the two-and three-pion correlation functions which expresses them via these chaotic and coherent Wigner densities. We showed that a comparison of two-and three-pion correlators allows for a determination of the degree of coherence in the source, without contaminations from resonance decays. To this end one must study the respective correlation functions at vanishing relative momenta of all particles. To facilitate the extraction of this limit from experimental data we derived in Eqs. (50) and (52) the most general parametrizations for the two-and three-pion correlation functions at small relative momenta. These new parametrizations are based on our expressions of the correlation functions in terms of the Wigner density of the source and is exact up to second order in the relative momenta. After eliminating the redundant q-components, they are seen to depend on 16 parameters which are all functions of the average momentum K of the pion pair resp.
triplet. To determine all these parameter functions, a complete study of the two-and threeparticle spectra as functions of all 6 + 9 = 15 momentum components is necessary. (The 16th parameter, ǫ(K), describes the degree of coherence and enters the normalization of the correlation functions at vanishing relative momenta.) This is certainly not an easy task, and it might be worthwhile to study whether, for certain simple but not too unrealistic models for the emission function, it is not possible to obtain simpler parametrizations (for example by exploiting certain symmetries of the source).
Our results show that in the case of partially coherent sources the three-pion correlator contains independent information on the second space-time moments of the source which cannot be extracted from the two-pion correlator. This information is needed to separate the space-time characteristics (lengths of homogeneity or effective widths) of the chaotic and coherent parts of the emission function. To extract it in practice will not be easy, but the theoretical framework by which this should be done has been presented here.
